We prove a very general theorem on decoherence in the thermodynamic limit, widely extending the scope of our preceding results [Phys. Lett. A 308, 135 (2003)]. The concept of a singular limit in time is used in the proof.
Recent experimental findings [1, 2, 3, 4, 5] in NMR with organic molecular crystals have shown that an intrinsic decoherence effect is present in a many-body system in the thermodynamic limit. These experiments, that are known just in the NMR community, give a strong support to our understanding of decoherence as an effect arising from the thermodynamic limit applied to unitary evolution [6, 7, 8, 9, 10, 11, 12] . These theoretical results are based on a concept of singular limit in time. This concept seems to have been pioneered by Bohm [13, 14] . Indeed, the existence of such an effect would give a relevant answer both to the measurement problem and the question of the irreversibility: both are essential to the understanding of a classical world emerging from quantum mechanics.
Besides, recent experiments with cavities realized by Haroche's group [15, 16] have produced asymptotic states with a large number of photons as foreseen by Gea-Banacloche [17, 18] and further analyzed by Knight and Phoenix [19, 20] . As firstly pointed out by Gea-Banacloche, these states support a view of quantum measurement described by decoherence in the thermodynamic limit, in agreement with our view. In this case one has that In a recent paper we showed three theorems supporting our view [8] . An important limitation was present in a theorem supporting decoherence in the thermodynamic limit as we required a strong coupling between the quantum system and the classical variables originating from the many-body system. In this paper we remove such a limitation obtaining a very general result. The proof relies on the concept of a singular limit in time.
One has a singular limit in time when an oscillating function has the frequency going to infinity. In this case, sampling the function to recover it becomes increasingly difficult. In the thermodynamic limit, with the frequency directly proportional to the number of particles, it becomes very easy to reach oscillations with a period of the order of Planck time where physics is expected to change [21] and there is no possibility at all to sampling a periodic function. So, as expected for too rapidly oscillating functions, the physical result one gets is an average. This gives a very simple method to generate random numbers with a sin function (see fig.1 ).
In order to prove our theorem, we start from the result given in [8] Theorem 1 (Classicality) An ensemble of N non interacting quantum systems, for properly chosen initial states, has a set of operators {A i , B i , . . . : i = 1 . . . N } from which one can derive a set of observables behaving classically.
Already at this stage we see a deep conceptual similarity between statistical mechanics and quantum mechanics for non-interacting systems. The proof is given by showing that, for a proper chosen initial state, the quantum fluctuations are negligible with respect to the average values of the observables that evolves in time in the thermodynamic limit. One could think to extend this theorem to interacting systems by a cluster expansion [22] but we do not pursue this matter here having a different aim.
So, given the above result, one has decoherence in any case in the thermodynamic limit by the following theorem:
Theorem 2 (Decoherence) An ensemble of N non interacting quantum systems, having a set of operators {A i , B i , . . . : i = 1 . . . N }, from which one can derive a set of observables behaving classically, interacting with a quantum system through a Hamiltonian having a form like V 0 ⊗ N i=1 A i , can produce decoherence if properly initially prepared in a fully "polarized" state.
The proof starts by considering the Hamiltonian
being H S the Hamiltonian of the quantum system, H i the Hamiltonian of the i-th system in the bath and V 0 the interaction operator with the observables A i of the bath. Then, passing to the interaction picture for the bath one has
having introduced the operator
and we assume to exist the limit N → ∞ for this operator at least on the chosen initial state of the bath |χ = N i=1 |φ i , being |φ i the same eigenstate for all the Hamiltonians H i . Then, if the thermodynamic limit N → ∞ is formally taken on the Hamiltonian H I , we enter a strongly coupling regime [23, 24, 25, 26] having at the leading order the operator
that can be diagonalized by the following unitary transformation
being V 0 |v n = v n |v n having assumed a discrete spectrum for the sake of simplicity andā = χ|Â(t)|χ = constant. Then, the density matrix of the quantum system in the bath becomes
(6) being |ψ S (0) the initial state of the quantum system. We see here that to complete the proof, one has to attach a meaning to the rapidly oscillating function in the interference term of ρ S (t). But this is a singular limit in time that reduces just to a noisy term with null average added to the mixed part of the density matrix. So, the interfering part of the density matrix gives no real contribution in the thermodynamic limit, completing the proof of the theorem.
It is rather interesting to see how much should be the infinity in the thermodynamic limit to get physical sensible results. Indeed, we learned from phase transitions, through the Onsager solution and the theorems of Yang and Lee [27, 28] that require the thermodynamic limit as the partition function has no zeros on the real axis, that Avogadro number is indeed enough for a physical sensible result and this is our everyday experience. The same can be said for our case where very small times are probed increasing the number of particles.
In conclusion, we have given here a very general theorem for decoherence in the thermodynamic limit for the unitary evolution and pointed out some relevant experimental results that support this concept.
